Collisional-radiative models enable average ionization and ionization populations, plus the rates of absorption and emission of radiation to be calculated for plasmas not in thermal equilbrium. At high densities and low temperatures, electrons may have a high occupancy of the free electron quantum states and evaluations of rate coefficients need to take into account the free electron degeneracy. We demonstrate that electron degeneracy can reduce collisional rate coefficients by orders-of-magnitude from values calculated neglecting degeneracy. We show that assumptions regarding the collisional differential cross-section can alter collisional ionization and recombination rate coefficients by a further factor two under conditions relevant to inertial fusion.
Introduction
The modeling of plasma ionization and radiative emission and absorption at high density is central to several aspects of inertial controlled fusion (ICF), short wavelenth free electron laser interactions with solids and in the modeling of stellar ionization. In ICF, hohlraum emission and the absorption of radiation in the 5 fuel capsule walls [1] , plus the diagnosis of mix of shell wall and fuel [2] depend on accurate calculations of plasma ionization and the plasma radiative properties.
Flexible codes are used to post-process output from radiation-hydrodynamic and particle-in-cell codes to generate spectra and images for comparison to experimental measurements [3] , [4] . A double peak in the pressure profile of 10 carbon shell material in the National Ignition Facility (NIF) point design due to carbon Li-like ions may have caused reduced neutron production [5] . ICF seeks to compress material at low temperatures (with pressures below 1.7 times Fermi degenerate [6] ]) with high incident radiation flux (e.g. the spectrally integrated radiation flux in a NIF holhruam of temperature 300 eV approaches 15 
10
15 Wcm −2 ). Under these conditions, we show that free electron degeneracy can have a significant effect on plasma ionization, emission and absorption.
Degeneracy effects are important in extreme ultraviolet (EUV) free electron laser interactions with solids where warm (< 10 eV) solid density plasma in the presence of strong photo-ionizing radiation is created [7] , [8] , [9] . For example,
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Aslanyan and Tallents [7] showed that for EUV irradiances of 10 14 Wcm −2 and greater, plasma ionization is significantly affected by free electron degeneracy.
Degeneracy reductions of three-body recombination rates may also be significant in hard x-ray free electron laser measurements of ionization rates [10] . Free electron degeneracy should affect the evaluation of the ionization of metal rich 25 white dwarf stars [11] . A high radiation flux causes photo-ionization with threebody recombination acting as the dominant recombination process. We show here that three-body recombination is reduced by orders-of-magnitude due to free electron degeneracy.
Degeneracy effects are included in some collisional-radiative models [ [4] , [12] , 30 [13] , [14] , [15] ]. However, the methods and rationale for treatment of degeneracy in collsional-radiative codes have not been explained in the literature and the accuracy and sensitivity of many of the modeling approximations have not been investigated . The role of free electron degeneracy in suppressing bremsstrahlung in inertial fusion has been discussed [16] , [17] . and three-body recombination which are not constant with differing energies of the two free electrons. Our work shows the significant effect on collisional ionization and recombination rate coefficients of degeneracy effects associated with the distribution of the energies of the two free electrons.
Electron degeneracy 45

Background physics of electron degeneracy
The Pauli excluson principle requires that only one electron can occupy a quantum state. The principle applies to free electrons and bound electrons in a plasma so that the occupation of all quantum states is governed by FermiDirac statistics, though at low densities average occupancy per quantum state 50 is low for excited bound and free states so that simpler Boltzmann populations are accurately employed. In equilibirum at temperature T , the number N of electrons occupying an energy state E given by the Fermi-Dirac distribution is such that
where µ is the chemical potential, g is the degeneracy of quantum states at the 55 energy E and k is Boltzmann's constant. By considering the density of free electron wave functions, it is possible to evaluate the number of free electron quantum states per unit volume. The number g(E)dE of free electron quantum states with kinetic energy in the range E to E + dE per unit volume is given by
where m is the electron mass and h is Planck's constant. Consequently, the free 60 electron distribution function is given by
The chemical potential µ is the energy needed to add one more electron to the free electron population at constant entropy and volume. It is related to the electron density by the requirement that an integration of the electron distribution function over all energies gives the total free electron density N e . We can
where I m (η) is the Fermi-Dirac integral of order m. We introduce a reduced chemical potential η = µ/kT and write for the Fermi-Dirac integrals
In the low density limit where η = µ/kT << −1, the Fermi-Dirac integral has an analytic solution with
Consequently at large negative chemical potential degeneracy effects become negligible and the chemical potential and electron density are related through
At large positive values of the chemical potential, the chemical potential µ approaches the Fermi energy E F and equation 4) involves a simple integral of
so that we find
We can evaluate the internal electron energy by an integral of form
At high positive chemical potential, the Fermi internal energy
The ratio of the internal energy U to the Fermi internal energy U F gives the ratio of the pressure to the Fermi pressure (see figure (1).
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Deriving the Saha equation
In the ionization process of converting a Z charged ion to a Z + 1 charged ion, a free electron with energy (say E) is created and a Z + 1 ion quantum state is populated. We assume that a particular Z + 1 charge quantum state has a probability P of existing. In a low density plasma with low occupancy 85 of quantum states by the electrons, P approaches unity, but we shall see later that in a degenerate plasma, the probability that the state can exist is less than unity. For example, in the limit of T approaching zero and the number of bound states after allowing for the effect of continuum lowering being sufficiently large, all electrons simply fill up the bound quantum states of the lowest charged state
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and P = 0. This lack of ionization of a fully degenerate plasma was first noted by Chandrasekhar [19] . In practise, ionization at high electron degeneracy becomes dependent on ionization depression (continuum lowering) due to the perturbing effects of nearby ions and the electron gas (see e.g. [20] ) which reduces the number of available bound quantum states.
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The population ratio of the free electron number density f (E)dE and the population N Z of bound electrons of charge Z per unit volume can be found using equation (1) after allowing for the degeneracy of the free electrons (given by equation (2)) and the degeneracy g Z of the bound quantum state. For each equation (1). We have
Here E ion is the ionization energy of the Z charged ion quantum state being considered. ionization energy is negative on our free electron energy scale, hence our assumed positive E ion has the opposite sign to the free electron kinetic energy E in equation (9) . The value of E ion should include a calculation of the 110 continuum lowering effect [20].
If we integrate both sides of equation (9), we obtain
if P is independent of energy E. Using the definition of the chemical potential (equation (4)), equation (10) reduces to
The Saha equation
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The existence of a Z + 1 charged quantum state depends on the number of 'holes' in the Z charged ion i.e. the number of states not fully occupied.
For example, if all the quantum states of the Z charged ion are occupied, no electrons have been removed to create the Z + 1 charge ion, so the probability P that the Z + 1 state exists is zero. More generally, considering ionization from 120 a quantum state with ionization potential E ion we can write
P has the form of a 'blocking factor' representing the probability that the bound state of ionization energy E ion has a 'hole' or quantum state which is unfilled.
The number of holes determines the probability that an electron has been removed to produce a Z + 1 quantum state. Substituting this expression for P 125 into equation (11) gives
This expression for the Saha ionization balance is consistent with a thermodynamic understanding of ionization where the energy of the free electrons changes by the ionization energy plus the chemical potential (E ion + µ) upon ionization.
The chemical potential is defined as the energy required to add one more electron 130 to the free electron population. If we substitute the low density limit (equation 6) for the chemical potential, we obtain an expression often cited for the Saha equation. We get
If we assume that the probability P for the existence of the Z + 1 quantum state is as given by equation (12) , then the ratio of the populations N 2 and N 1 of two bound states with ionization energies E 2 and E 1 and degeneracies g 2 and g 1 from equation (13) is given by
as the term involving the chemical potential cancels. This Boltzmann ratio (equation (15)) is the same as found at low densities where free electron degeneracy is not important. 
Expressions for rate coefficients with degeneracy
To evaluate rate coefficients for collisional processes, we need to integrate the cross-section for the appropriate process over the range of free-electron energies taking account of blocking factors to allow for electron degeneracy. Crosssections σ(E) are often tabulated in the form of a collision strength
such that
where πa 2 0 is a cross-section for the ground state of the hydrogen atom (taken as the area associated with the Bohr radius a 0 ) and g is the degeneracy of the initial state. The collision strength has been shown in many studies to vary slowly with the electron energy E and consequently is tabulated in databases 150 rather than absolute cross-sections (see. e.g. [22] , [23] ). The 'effective collision strength' Ω(E) averaged over a Maxwellian distribution of electron energies is found to vary even more slowly with electron temperature. We are interested in gauging the effect of degeneracy, so we assume in this section that the crosssections vary as 1/E. Following equation (16), we write cross-sections as
where E th is the threshold or minimum electron energy needed to cause the collisional transition and Φ = 1. The collision strength concept was introduced for collisional excitation, but is applicable for collisional ionization. For section 4, Φ can take any value, so the analysis is independent of the form of the crosssection, while in section 5, we introduce a differential cross-section for collisional 160 ionization which varies with the ejected electron energy.
Collisional excitation
Including the effects of degeneracy, the transition rate per ion for collisional excitation from ionization energy E 1 to E 2 is given by
where the blocking factor P is calculated for the final free electron energy E − 165 ∆E, where E is the initial electron energy and ∆E = E 2 − E 1 . We have
and the free electron distribution f (E) is given by equation (3). In equation 
where
In the absence of degeneracy, the integral J 12 (∆E) simplifies to
which means that the ratio R 12 of the collisional excitation rate coefficient with degeneracy to the rate coefficient without degeneracy is given by
Collisional de-excitation
For a degenerate plasma, it is worth examining the relationship between excitation and de-exciation explicitly. The microreversibility condition for collisional excitation and de-excitation relates the cross-sections by the Klein-Rosseland relation [24] , so that
where σ 21 (E) is the cross-section for collisional de-excitation. We can write out the expression for the collisional de-excitation rate coefficient K 21 in a similar way to the construction of equation (18). We have
where P (E+∆E) is a blocking factor for the final energy of the colliding electron.
Substituting equation (24), we have
Assuming as before for collisional excitation that the cross-section for collisional excitation varies approximately linearly with the inverse of energy (i.e. σ 12 (E + ∆E) ∝ σ 12 (∆E)/(E + ∆E) ), we can write that
.
In the absence of degeneracy, we have that
The ratio R 21 of the collisional de-excitation rate coefficient with degeneracy to the coefficient without degeneracy is consequently identical to the ratio R 12 for collisional excitation (see equation (23) . Finding these ratios to be equal shows the detailed balance relationship between K 21 and K 12 is independent of the 195 chemical potential (and hence degree of degeneracy).
In order to illustrate further that collisional excitation and de-exciation are independent of the chemical potential, we can briefly consider when collisional excitation is balanced by collisional de-excitation. We can undertake this balance for a plasma with populations affected by degeneracy by invoking the 200 concept of a blocking factor P , which is the probability of finding a 'hole' in the destination quantum population. The blocking factor takes an identical form to equation (12) .
Consider collisional excitation from a lower level of population N 1 with ionisation energy E 1 to an upper excited level of population N 2 with ionisation E 2 205 with collisional excitation rate coefficient K 12 and de-excitation rate coefficient
where P (E ion ) is the blocking factor for the state of ionisation energy E ion . Using the Fermi-Dirac population ratio for N 1 /N 2 (equation (1)) and the blocking factor expressions (equation (12)), we find that the collisional de-excitation rate 210 coefficient is related to the collisional excitation rate coefficient for a degnerate plasma by
where g 1 and g 2 are the degeneracies of the lower and upper bound quantum states respectively. This is exactly the detailed balance relationship found at low densities where degeneracy is not important. 
Collisional ionization
The collisional ionization rate coefficient K ion evaluation requires a knowledge of the differential cross-section σ(E, E 1 ) where we assume, say, that the incident electron has an energy E and the ejected electrons have energy E 1 and
where the blocking factors P (E 1 ) and P (E − E 1 − E ion ) are appropriate for the two ejected electrons. We assume that the initial bound state has an ionization energy of E ion . The integrations in the square bracket average the differential cross-section and blocking factors over the range of ejected electron energies
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(from zero energy to the impinging electron energy minus the ionization energy). As the two electrons in collisional ionization are indistinguishable, the differential cross-section σ(E, E 1 ) is symmetric around energy (E − E ion )/2, so for enhanced computational speed, it possible to evaluate the integrals over the reduced range 0 to (E − E ion )/2 (see e.g. [ [25] ]). However, initially in this 230 section we assume that the differential cross-section does not vary at all with the ejected electron energy E 1 and for clarity we will write the integral over the full range throughout.
If we assume as a first treatment that the differential cross-section is constant with ejected electron energy E 1 and simply varies as σ(E,
(see equation 17) , we can proceed with a a similar approximation as we made for collisional excitation. In section (5), we return to consider more realistic differential cross-sections where one electron typically has a much greater energy than the other. However, with the assumption that the differential cross-section is independent of the energy distribution between the two electrons, the rate co-240 efficient can be written as
with
The integral in the square brackets is over the blocking factors for the two electrons after the collision. Letting y = (E − E ion )/kT and η = µ/kT , the 245 integral can be re-written and solved analytically, so that
The double integral is not analytically soluble. We can write for J ion (E ion ) that
where β = E ion /kT .
For non-degenerate free electrons, the solution of equation (33) is
For non-degenerate electrons, we define a ratio R ion for the value of J ion (E ion ) relative to the low degeneracy value. We have
Substituting into equation (32) using the non-degenerate expression for exp(µ/kT ) (equation (6) 
We plot the ratio R ion of the degenerate rate coefficient to the rate coeffi-255 cient calculated assuming the electrons are non-degenerate in figure (2). The ionization rate coefficient changes by several orders-of-magnitude at high positive chemical potential, but the change is almost independent of the electron temperature for a constant value of the reduced chemical potential.
Collisional recombination
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The inverse process to collisional ionization is collisional recombination.
Here, there are intitially two free electrons (we assume with energy E 1 and E 2 ) and a Z + 1 charged ion. As three particles are involved, collisional recombination is often called three-body recombination. After the collisional process, there is one free electron (we assume with energy E) and a Z charged ion. The 265 differential cross-section σ(E 1 , E) for the collisional recombination of an electron is needed. The rate coefficient K rec for collisional recombination including the effects of degeneracy can be written as
where now E 2 = E − E 1 − E ion . The integrations in the square bracket average the differential cross-section over the possible initial distributions of the free 270 electrons. Only one blocking factor P (E) is involved for the final free electron of energyE.
The microreversibility condition for collisional ionization and recombination is known as the Fowler relation [24] and is given by
The expression is complicated by the need to allow for a measure of the de-
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generacy for the free electron created by ionization (the quantity in the square bracket, see equation (2)). As we have done previously, we assume that the differential cross-section for collisional ionization is independent of the different electron energies E 1 and E 2 and varies as σ(E, E 1 ) = σ(E ion , 0)E ion /E. Using the microreversibility relationship between collisional ionization and recombina-280 tion, we obtain that
The integral within the square bracket represents the averaging of the occupancy of the two electrons present before the collision. Letting y = (E − 285 E ion )/kT and η = µ/kT , the integral can be re-written and solved analytically, so that
We can write that
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In the limit of low degeneracy, equation (42) becomes equal to exp(2η) = exp(2µ/kT ). The ratio R rec of the collisional recombination rate including degeneracy to that without degeneracy can be written as
Using the above equations (43, 44), it is straightforward to show that R rec = R ion , where R ion is the ratio of the rate coefficient for collisional ionization with 295 degeneracy to the rate coefficient without degeneracy (see equation (37)).
The detailed balance relationship for collisional ionization and recombination
Following equation (17), we can express quite generatlly the differential cross-section for collisional ionization as
where Φ represents the variation of the differential cross-section with different values of the energy E 1 of an electron ejected during collisional ionization. The cross-section σ tot (E ion ) represents the threshold value of the cross-section where the incident electron has energy E = E ion . Equation (45) is equivalent to the collision strength approach so that, in principle, Φ can vary with the incident 305 electron energy E as well as the energy split between the two electrons produced in ionization (energies E 1 and E 2 ). The rate coefficient for collisional ionization is then given by equation (32) with
Similary, the rate coefficient for collisional three-body recombination is given by equation (41) 
It is relatively straightforward to show that J ion = e −η−β J rec for any variation of Φ. This means that we can write quite generally that
The right hand side of equation (48) is, of course, the Saha ratio of populations N Z+1 /N Z (see equation 13).
Ionization rate coefficient calculation using the Mott differential
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cross section
So-far we have assumed that the differential cross-section in collisional ionization and three-body recombination is constant with different energy values of the two free electrons. Experimentally, it is found that the differential crosssection is greater where one electron has more energy. The Mott differential 320 cross-section has been found to be a good fit to many experimental measurements [26], [27] . The Mott differential cross section can be written as follows [28] σ(E, E 1 ) = 4πa
where a 0 is the Bohr radius, R g is the Rydberg constant (13.6 eV) and E 1 and E 2 are the energies of the two free electrons created in collisional ionization. The 325 energy E represents the energy of the incident electron creating the ionization and, as before, E ion is the ionization energy. Following equation (31) we can write for the value of the collisional ionization rate coefficient that
We can write out the integrals in terms of reduced parameters: ionization energy β = E ion /kT , chemical potential η = µ/kT , the ejected electron energy x = E 1 /kT and a measure of the incident electron energy y
We have
In the absence of degeneracy when η << −1 , equation (53) can be solved analytically so that
The effect of utilising the Mott differential cross section to evaluate the collisional ionization rate coefficient is illustrated in figure (3) . The relative rate 340 coefficient calculated using the Mott differential cross-section is plotted relative to the rate coefficient assuming a differential cross-section which is constant for different values of the free electron energies E 1 and E 2 . We have evaluated (1)), the ionization rate coefficients are reduced by at least a factor of two. Using detailed balance, a similar reduction occurs in the rate of three-body recombination.
Conclusion
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We have shown that the free electron degeneracy of high density, low temperature plasmas can reduce collisional rate coefficients by orders-of-magnitude. We have further shown that realistic Mott differential cross-sections further reduce collisional ionization and three-body recombination rate coefficients when compared to rate coefficients calculated assuming differential cross-sections which is labelled on the figure.
-ionization. When degeneracy effects are important, the ionization rate of the plasmas will be significantly enhanced (for example, as seen in XFEL interaction 365 work [10] ).
We have determined methods to calculate inverse rate coefficients and shown how the collisional excitation/de-excitation and ionization/recombination rate straightforward corrections to rate coefficients can be made.
